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A B S T R A C T  
 
S at ur at e d s oil is vi e w e d as a m ulti -p h as e m e di u m. B as e d o n t h e m oti o n e q u ati o n of fl ui d p h as e, 
t h e vis c o us c o nstit uti v e r el ati o ns hi p of fl ui d p h as e, a n d t h e i nt er a cti o n b et w e e n fl ui d p h as e a n d 
s oli d p h as e, t h e dri vi n g f or c e o n s oil gr ai ns is g o ver n e d. T h e eff e ct of t h e dri vi n g f or c e of s oil  
gr ai ns o n t h e s c o ur e d c h a n n el of f o u n d ati o n is i n v esti g at e d. At t h e s a m e ti m e, o n t h e b asis of a 
t w o-p h as e m e di u m, t h e dri vi n g f or c e o n s oil gr ai ns is als o dis c uss e d b y usi n g D ar c y’s l a w f or  
r el ati v e fl o w.  
 
IN T R O D U C TI O N  
 
Wit hi n a s at ur at e d a q uif er, t h er e is a b u o y a n c y or pr ess ur e o n a pl a n e s urf a c e i nsi d e s at ur at e d  
s oil, b ut t h er e ar e b ot h b u o y a n c y a n d dri vi n g f or c e o n s oil p arti cl es. T h e dri vi n g f or c e o n s oil  
p arti cl es is c a us e d b y t h e i nt er a cti o n b et w e e n fl u i d p h as e a n d s oli d p h as e. T h e m a g nit u d e of t h e 
dri vi n g f or c e o n s oil p arti cl es e q u als t h e dr a g f or c e of p or e w at er fl o w b ut its dir e cti o n is  
o p p osit e t o t h e dir e cti o n of dr a g f or c e of p or e w at er fl o w. D u e t o t h e m e nti o n e d -a b o v e r el ati o n 
of t h e dri vi n g f or c e of s oil p arti cl es t o t h e dr a g f or c e of p or e w at er fl o w, t h e r es e ar c h o n t h e dr a g 
f or c e of p or e w at er fl o w is oft e n f o c us e d o n. M a n y r es e ar c h ers h a v e st art e d a l ot of w or ks o n a 
fl ui d p h as e i n a p or o us m e di u m. T h e m oti o n e q u ati o n f or a fl ui d p h as e i nsi d e t h e v oi d s p a c e of a 
p or o us m e di u m h as b e e n o bt ai n e d b y B e ar ( 1 9 7 2), H ass a ni z a d e h a n d Gr a y ( 1 9 7 9 a, b), B e ar a n d 
B a c h m at ( 1 9 8 6), B a c h m at a n d B e ar ( 1 9 8 6), Ji a n g Li a n d D o n al d C. H. et c. I n g e n er al, t h e  
m oti o n e q u ati o n of p or e w at er fl o w s h o ul d i n cl u d e t h e i n e rti al f or c e t er m d u e t o a c c el er ati o n, 
b ot h l o c al a n d c o n v e cti v e, t h e vis c o us r esist a n c e t er m d u e t o i nt er n al fri cti o n i nsi d e t h e fl ui d  
p h as e, t h e dri vi n g f or c e t er m d u e t o pr ess ur e gr a di e nt a n d gr a vit y, a n d t h e dr a g r esist a n c e t er m  
c a us e d b y t h e fl ui d -s olid i nt er a cti o n. O n t h e ot h er h a n d, t h e m oti o n e q u ati o n of a t w o -p h as e 
m e di u m h as b e e n st u di e d b y M a c art h ur a n d S c h a m b er ( 1 9 8 3), J e y a p al a n, D u n c a n a n d S e e d  
( 1 9 8 3). T h e w at er is c o nsi d er e d as fl ui d p h as e a n d t h e s oil p arti cl es ar e c o nsi d er e d as s oli d  
p h as e. T h e m oti o n e q u ati o ns of fl ui d p h as e a n d s oli d p h as e ar e est a blis h e d r es p e cti v el y. T h e  
i nt er a cti o n f or c e c o u pl es t h e i nt er a cti o n b et w e e n fl ui d p h as e a n d s oli d p h as e. Fi n all y, t h e m oti o n 
e q u ati o n of a t w o -p h as e m e di u m is d eri v e d. T h e p a p er p a ys att e nti o n t o c o n c e ntr at e o n b ot h a 
fl ui d p h as e a n d a t w o-p h as e (fl ui d a n d s oli d) m e di u m. T h e m oti o n e q u ati o n of fl ui d p h as e  
i n cl u di n g i nt er a cti o n b et w e e n fl ui d a n d s oli d p h as es is g o v er n e d. F or a s p e ci al c as e, t h e 
i nt er a cti o n f or c e (t h e dri vi n g f or c e of s oil p arti cl es or dr a g f or c e of p or e w at er fl o w) is dis c uss e d. 
At t h e s a m e ti m e, s at ur at e d s oil as a t w o -p h as e m e di u m is st u di e d a n d t h e dri vi n g f or c e o n s oil 
p arti cl es is g o v er n e d b y i ntr o d u ci n g a p ot e nti al f u n cti o n f or a t w o -p h as e m e di u m.  
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I n a s at ur at e d a q uif er, t h e i n erti al f or c e, vis c o us r esist a n c e f or c e, dri vi n g f or c e, a n d dr a g 
r esist a n c e f or c e a ct o n t h e fl ui d p h as e. T h e m oti o n e q u ati o n of  fl ui d p h as e c a n b e e x pr ess e d as: 
 
                                                  0      - p  ww =+ Mbaw                                                   ( 1) 
 
w h er e w  is fl ui d d e nsit y; a w  is fl ui d a c c el er ati o n; p is fl ui d pr ess ur e;  ( a s e c o n d or d er t e ns or) is vis c o us str ess; b is b o d y f or c e v e ct or; a n d M is t h e i nt er a cti o n f or c e v e ct or b et w e e n fl ui d a n d 
s oli d p h as es. T h e m at eri al d eri v ati v e c o n c e pt is v er y us ef ul i n a n al ysis of fl ui d a c c el er ati o n. 
B as e d o n t h e m at eri al d eri v ati v e c o n c e pt, t h e a c c el er ati o n a w  m a y b e writt e n as:  
                                                      wpww )(  t  dt
d  vvvva w ×+==                                                 ( 2) 
 
w h er e p is a p oi nt i n t h e R E V of a s at ur at e d a q uif er w hi c h c a n b e c h os e n as o n e p oi nt o n t h e 
m a cr os c o pi c w at er p h as e, or fi x e d s p a c e, or t h e m a cr os c o pi c s oli d p h as e; v w  is t h e v el o cit y of 
fl ui d p h as e; a n d v p  is t h e v el o cit y of t h e p oi nt p. F or N e wt o ni a n fl ui ds, t h e vis c o us str ess is 
li n e arl y r el at e d t o t h e r at es of d ef or m ati o n a n d c a n b e e x pr ess e d as f oll o ws: 
 
                                                                        &D  =                                                                    ( 3) 
 
w h er e D is t h e vis c osit y m atri x of  t h e fl ui d; a n d   &  is str ai n r at e. Aft er e q u ati o n 3 is t a k e n t h e 
o p er ati o n of di v er g e n c e, e q u ati o n 3 b e c o m es:  
                                    
                                                   w2w   )()3  (  D  vv +×+== &                                   ( 4) 
 
w h er e  is b ul k vis c osit y; a n d  is s h e ar vis c osit y. S u bstit uti n g ( 2) a nd ( 4) i nt o ( 1), t h e  
i nt er a cti o n f or c e v e ct or is i n t h e f oll o wi n g f or m: 
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I n or d er t o si m plif y e q u ati o n 5, c o nti n uit y e q u ati o n is i ntr o d u c e d i nt o e q uati o n 5. F or st e a d y or 
u nst e a d y fl o w, a n d c o m pr essi bl e or i n c o m pr essi bl e fl ui ds, i n v e ct or n ot ati o n, t h e e q u ati o n f or  
c o ns er v ati o n of m ass c a n b e writt e n as:  
 
                                                                0    t w =×+ vw
w                                                       ( 6) 
 
F or b ot h st e a d y a n d u nst e a d y fl o w of i n c o m pr essi bl e fl ui ds, t h e fl ui d d e nsit y, w , is a c o nst a nt s o 
t h at e q u ati o n 6 b e c o m es: 
 
                                                                       0  w =× v
 
                                                               ( 7) 
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 I ns erti n g e q u ati o n 7 i nt o e q u ati o n 5, t h e i nt er a cti o n f or c e v e ct or f or i n c o m pr essi bl e fl ui d is gi v e n 
b el o w:  
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It is q uit e diffi c ult t o s ol v e t h e e q u ati o n 8 b e c a us e of t h eir n o n-li n e arit y arisi n g fr o m t h e 
c o n v e cti v e t er ms (i. e., wp )( vv ×  et c.). A s p e ci al c as e f or w hi c h t he c o n v e cti v e a c c el er ati o n  
v a nis h es will b e st u di e d i n t h e f oll o wi n g s e cti o n.  
 
D RI VI N G F O R C E O F S OI L G R AI N S F O R S T E A D Y  L A MI N A R F L O W I N T H E  
S C O U R E D C H A N N E L O F F O U N D A TI O N  
 
T h e s c o ur e d c h a n n el of f o u n d ati o n is vi e w e d as fi x e d p ar all el pl at es (its t hi c k n ess is  2 h). T h e 
fl o w is c o nsi d er e d as st e a d y l a mi n ar fl o w b et w e e n fi x e d p ar all el pl at es s h o w n i n Fi g ur e 1. T h e 
e q u ati o n 8 r e d u c es t o:  
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Fi g ur e 1 A M o d el of  S c o ur e d C h a n n el  
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Aft er e q u ati o ns 9, 1 0, a n d 1 1 ar e s ol v e d, t h e i nt er a cti o n f or c e is gi v e n b el o w:  
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w h er e h is h alf of t h e t hi c k n ess b et w e e n t h e s c o ur e d c h a n n el; q is t h e v ol u m e r at e of fl o w. L et 
p x , a n d p y  r e pr es e nt t he pr ess ur e dr o ps b et w e e n t w o p oi nts al o n g x-dir e cti o n, a n d y-dir e cti o n 
t h e dist a n c es lx  a n d ly a p art r es p e cti v el y, t h e n  
                                                                x
p
l
p
x
x = -                                                                     ( 1 3) 
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a n d 1 2 a n d 1 0 c a n b e e x pr ess e d as  
 
                                                               
x
x lM
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3
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y
y   l
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M x , a n d M y  ar e t h e r es ulti n g dr a g r esist a n c e f or c e a n d a d diti o n al s e di m e nt f or c e p er u nit fl ui d 
v ol u m e. W h e n t h e v ol u m e of a si n gl e s oil gr ai n is ass u m e d t o b e v gr ai n , its e q ui v al e nt di a m et er is:  
                                                                   3
1
gr ai n )6 v(  =d                                                             ( 1 7) 
 
T h e t ot al n u m b er of s oil gr ai n p er u nit v ol u m e fl ui d is gi v e n as  
 
                                                               3
gr ai n
s oli d
dn
n)-6( 1  v
v  ==N                                                       ( 1 8) 
 
w h er e N is t h e t ot al n u m b er of s oil gr ai n p er u nit v ol u m e fl ui d; n is t h e p or osit y of a s at ur at e d 
s oil; a n d v s oli d is t h e t ot al v ol u m e of s oil s oli d w h er e t h e v ol u m e of fl ui d is o n e u nit. T h e dri vi n g for c e F d  a n d risi n g f or c e F r a cti n g o n t h e si n gl e s oil gr ai n c a n b e e x pr ess e d r es p e cti v el y 
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 w h e n t h e si n gl e gr ai n o n t h e s urf a c e of t h e c h a n n el is s c o ur e d, t h e li mit e q uili bri u m e q u ati o n c a n  
b e gi v e n as  
 
                                                     fdgF s oli dd ]F - 6) - [(  y
3
w=                                               ( 2 1) 
 
w h er e f is fri cti o n al c o effi ci e nt. I ns erti n g 1 9 a n d 2 0 i nt o 2 1, t h e e q u ati o n is gi v e n  
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W h e n t h e pr ess ur e gr a di e nt al o n g x -dir e cti o n is e q u al t o or l ar g er t h a n  l
p
x
x , t h e s oil gr ai n o n t h e 
s urf a c e of c h a n n el c a n b e s c o ur e d b y t h e p or e w at er fl o w.  
 
 
T R A N SI E N T D RI VI N G F O R C E O N T H E S O LI D P A R TI C L E S B A S E D O N A T W O -
P H A S E F L UI D M O D E L  
 
D o n al d C. H el m ( 1 9 9 4) i ntr o d u c es a p ot e nti al f u n cti o n i nt o t h e t w o -p h as e fl ui d f or irr ot ati o n al  
fl o w. B as e d o n t h e p ot e nti al f u n cti o n, t h e b ul k fl u x c a n b e e x pr ess e d as 
 
                                                                
j
ijib xK-  q =                                                           ( 2 3) 
 
w h er e K ij is h y dr a uli c c o n d u cti vit y t e ns or;  is t h e p ot e nti al f u n cti o n of t h e t w o-p h as e fl ui d; q bi  = 
n v wi  +( 1-n) v si is t h e b ul k fl u x; vwi  is t h e v el o cit y of w at er i n i dir e cti o n; a n d vsi is t h e v el o cit y of s oli d p arti cl es i n i dir e cti o n. F or a n is otr o pi c m at eri al, e q u ati o n 2 3 c a n b e writt e n as: 
 
                                                                     xK-  q xb =                                                            ( 2 4) 
 
w h er e q b x  = n vw  +( 1-n) v s. D ar c y’s l a w c a n b e gi v e n b y:  
                                                              x
hK-  )- v n( v q sww ==                                               ( 2 5) 
 
w h er e q w  is t h e r el ati v e s p e cifi c dis c h ar g e; h is a h y dr a uli c h e a d.  
 
B y c o m bi n ati o n of 2 4 a n d 2 5, o n e h as:  
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)h(K-  vs =
 
                                                          ( 2 6) 
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B as e d o n t h e e q u ati o n 2 6, t h e b ul k dri vi n g f or c e o n t h e ass e m bl a g e of s oli d is g x
)h( .  
 
C O N C L U SI O N S  
 
B as e d o n t h e fl ui d p h as e i n a m ulti -p h as e m e di u m, t h e di vi n g f or c e o n s oli d p arti cl es is d eri v e d 
b y t h e m oti o n e q u ati o n of fl ui d p h as e , w hi c h i n cl u d es t h e i nt er a cti o n b et w e e n s oli d a n d fl ui d 
p h as e. T h e dri vi n g f or c e o n t h e s oli d p arti cl es c a n als o b e g o v er n e d b y t h e e q u ati o ns of m ulti -
p h as e fl ui d. W h e n t h e dri vi n g f or c e o n t h e s oli d is e q u al t o or l ar g er t h a n t h e li mit dri vi n g f or c e, 
t h e s oli d p arti cl es o n t h e s c o ur e d c h a n n el of f o u n d ati o n st arts t o m o v e a n d b e s c o ur e d. 
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